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1. INTRODUCTION 
This is a postscript to a previous paper in this journal [LG]. It was 
proved there, among other things, that a matrix group over a field has central 
height at most w + k, for some finite integer K [Theorem l(iii)]. Our 
aim here is to refine this result and to prove two further facts about the 
hypercenter of matrix groups. 
Throughout this note we shall employ exactly the same notation and termi- 
nology as in [LG]. In addition, Z,, shall mean the positive integers and, as is 
usual, GL(n,F) denotes the general linear group of degree n over F. 
Our refinement of Theorem l(iii) for the case of linear groups over a field 
provides a partial answer to the question of Kegel mentioned at the end of 
[LGI- 
THEOREM 1. There exists a function q~ : Z,, -+ Z,, such that for any 
field F and any subgroup G of GL(n, F), the central height of G is < w + v(n). 
Moreover, for any such function q~, q(n) -+ CO as n -+ CO. 
The last part is an immediate consequence of 
PROPOSITION 1. Let n be a positive integer and suppose pm is any prime- 
power Q n. Then GL(n, C) contains a p-subgroup of central hezght w + pm-l. 
To prove the first part we shall need the following result. 
PROPOSITION 2. There exists a function v : Z,, + Z,, such that for any 
algebraically closedjeldF and any subgroup G of GL(n, F), G contains a normal 
triangulable subgroup D so that (S(G) : D) Q p)(n), where S(G) is the soluble 
radical of G. 
* The author gratefully acknowledges support from Cornell University and from 
the National Science Foundation (Contract GP-3665). 
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This result is an improvement of a theorem of Mal’cev [2], who proved 
Proposition 2 for soluble groups G. Our result does not seem to be an imme- 
diate consequence of Mal’cev’s theorem; but its proof is essentially the same 
as his. 
If the reader now looks at the paragraph immediately before the proof of 
Proposition 2 on p. 302 of [LG], h e will find that Proposition 2 of [LG] and 
Proposition 2 of the present note together yield the first half of Theorem 1 
above. 
The second main result to be established here is 
THEOREM 2. There exists a function I/I : Z.,, + Z,, such that for any 
field F and any subgmup G of GL(n, F), 
is a n!-gr0up.l 
[4G), G,..., Gl 
--GT 
An easy application of Proposition 1 in [LG] then yields 
THEOREM 3. Let R be a commutative twetherian ring and G a linear group 
over R. Then there exists a positive integer I so that [o(G), G,..., Gj is periodic. 
- 
c 
COROLLARY. Torsion-free linear groups over R have finite central height. 
The corollary implies, of course, that in every torsion-free linear group G 
over a commutative Noetherian ring the Hirsch-Plotkin radical is nilpotent. 
There is another notable class of linear groups for which this fact and the 
property of having finite central height are both true. 
THEOREM 4. If G is a finitely generated linear group over any commutative 
ring, then G has finite central hkght and the Hirsch-Plothin radical of G is 
nilpotent. 
2. PROOFS OF PROPOSITIONS 1 AND 2 
Proof of Proposition 1. Let P be a Sylow p-subgroup of the symmetric 
group of degree pm. Then the class of P is pm--l (e.g., [3]). Suppose further 
that A is the Priifer p-subgroup of C* (i.e., the subgroup generated by all 
1 We recall that a(G) denotes the hypercenter of G. Moreover, a group is aaid to be 
an m-group if the order of every element divides aome power of m. 
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pkth roots of 1 for k = 1, 2,...). I f  P is taken in its faithful permutation-matrix 
representation of degree pm, then G = A 1 P has a faithful matrix repre- 
sentation of degree pm over C. Now GL(p”, C) can be embedded (in many 
ways) in GL(n, C), for any n > pm. Hence Proposition 1 will be establi’shed 
if we can prove that G has central height w + pm-l. 
I f  D is the diagonal group of G (i.e., the normal closure of A in G), then 
obviously D < a,(G). On the other hand, if x E P n a,(G), say x E a,(G), 
then H = (D, x), the subgroup generated by D and x, is nilpotent of class 
< s. But H contains (a copy of) A 1 (x) and this is not nilpotent if x # 1. 
Hence P n a,(G) = 1 and U,(G) = D. Thus G has central height w + c, 
$.where c is the class of P. 
Proof of Proposition 2. We shall construct a function v  by induction on 
n. Clearly ~(1) = 1. Suppose we have found possible integers v(2), y(3),..., 
v(n - 1). Let G be a group of automorphisms of the n-dimensional vector 
space V over F. We now proceed asin the proof of Theorem 9.4 in [LG; 1 112 
(cf. also the proof of Theorem 4 in [LG]). 
Step 1. Suppose W is a G-invariant subspace such that 0 < W < V. 
If  rr is the natural homomorphism G--f GYIrY and 7 the natural homo- 
morphism G--f Gw ,3 let S, = S(G,,,) r--l, S, = S(G,) 7-l and 4, D, 
the inverse images of the triangulable normal subgroups of GYIW, Gw , 
respectively, so that (S, : 4) & v(d), (S, : D,) < p)(n - d), where 
d = dim V/W. 
Now (S, n S, : D, n D,) divides (S, : DI) (S, : D,) and, since 
S(G) < S, n S, , (S(G) : S(G) n D, n D,) divides (S, n S, : D, n D,). 
I f  we take D = S(G) n D, n D, as our triangulable normal subgroup, then 
(S(G) : D) < n*, where 
n* = max (v(d) v(n - d), d = l,..., n - l}. 
Step 2. Assume V is a simple FG-module. If  K q G, we may write 
v  = v, 0 --* @ v, , where each Vi is a direct sum of isomorphic simple 
FK-modules and each simple summand of Vi is nonisomorphic to each in Vj 
for all j # i. Suppose there exists K so that r > 1. Let H be the kernel of 
the permutational representation of G on {VI ,..., V,}. By Step 1, H con- 
tains a normal triangulable subgroup D so that (S(H) : D) < n*. On the 
other hand, G/H is a subgroup of Sym (r) and hence (G : H) < n!. I f  
E = I) D”, then E is a tiiangulable normal subgroup of G and 
X:EG 
(S(G) : E) < n!(S(H) : D)nf < n!(n*)“‘. 
2 [LG; n] means reference n at the end of [LG]. 
3 For the notation, refer to the first paragraph of Section 2 [LG], p. 296. 
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Step 3. Let Y be the set of all subgroups G of Aut, 1’ such that (i) G is 
irreducible and (ii) for every normal K the corresponding r (cf. Step 2) is 1. 
(In other words, Y is all the subgroups of Aut, V not covered by Steps 1 
and 2.) 
I f  we can find .** so that every G in Y possesses a triangulable normal D 
with (S(G) : D) < n**, then max {a**, n!(n*>“*} is a possible value of v(n). 
It is easily seen that we only need to find .** for the set Y’ consisting of 
all those groups G in Y such that each g in G has determinant 1. 
Step 4. If  N is a nilpotent subgroup of SL(n,F) of class c and g(N) 
consists of scalar matrices, then N is finite. An examination of the proof of 
this fact as given in [LG; 111, Lemma 9.3, reveals that 
(N : 1) <f(c, n) ncn, 
wheref(c, n) is the maximum of the orders of Aut A, with A running through 
all finite abelian groups A of order dividing ncn. 
Step 5. Let G E Y’ (Step 3) and write S = S(G). By a theorem of 
Zassenhaus [LG; 151, there exists an integer n’ depending only on 1z, so that 
the derived length d of S is < n’. 
Since S+-l) consists of scalar matrices of determinant 1, P-l) is cyclic 
of order dividing n. 
I f  (So) : 1) is finite of order s and C is the centralizer of S7) in S(r-l), 
then C is nilpotent of class < 2 (cf. Lemma 2, [LG], p. 299), whence 
(C : 1) <f(2, n) 9” (Step 4). Therefore (SF-l) : 1) <f(2, n) n2%!. 
If  we set s,‘-, = a and recursively define 
Sk = s,+r!f(2, n)n2n, 
then (S : 1) < s,, . Hence s,, is a possible value of n**, as required in Step 3 
to complete the proof. 
3. PROOFS OFTHEOREMS 2 AND 3 
We begin the proof of Theorem 2 with two preparatory lemmas. 
LEMMA 1. Let G be an abstract group, H a normal subgroup contained 
in a,(G) and M a normal subgroup containing H. If M/H is a locally fmite 
II-group, for some set of primes IT, then [M, #j is a locally Jinite IT-group. 
Proof. We proceed by induction on k. When k = 0, H = 1 and so the 
result coincides with the hypothesis. Now assume k > 0 and, without loss of 
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generality, let H $ c~~-r(G). If we set K = [H, k-lC;l, then K is a non-trivial 
central subgroup. 
By induction hypothesis, [M/K, k--IG/K] is a locally finite II-group. If 
N = [Al, k--lGj, then N > K and hence N/K is a locally finite l7-group. To 
complete the proof we need to show that [N, Gj is a locally finite II-group. 
Take any x in N and g in G. There exists a l7-number s so that x8 E K. 
Hence [x”, g] = 1. But 
[x”, g] z [x, g]” (mod N’). 
Consequently [N, q/N is generated by n-elements and hence is a locally 
finite (Abelian) U-group. It remains to consider N’. 
Take any cr ,..., c, in N’and let x1 ,..., x,, be elements in N so that c, ,..., c,,, 
belong to the commutator group of X, the subgroup generated by x, ,..., x, . 
If now Y = XK, then YfK is a finite II-group and K is central in Y. Hence, 
by a theorem of Schur, Y’ is a finite l7-group and therefore so is the subgroup 
generated by c, ,..., c,,, . Thus N’ is a locally finite n-group, as required. 
LEMMA 2. Let A be an abelian normal subgroup of a group G such that 
AeG. If the centralizer C of A in G has finite index k then [A, Gj is a k-group. 
Proof. As [A, Gj is Abelian we need only show that each [a, g] has 
order a k-number. 
Suppose [a, t+rg] = 1 and let S be the subgroup of G/C generated by gC. 
Then S has order 6’ dividing k. If I is the augmentation ideal of the integral 
group ring of S, Or < P+l and so & < P+l (r = 1,2,...). But aP+l = 0, 
therefore a(81) = 0, i.e., [a, g]l’ = 1. 
Proof of Theorem 2. It is clearly enough to prove the theorem for alge- 
braically closed fields only. So let F be any algebraically closed field and G 
any subgroup of GL(n, F). Now cu(G) < S(G) and thus, by Proposition 2, 
(a(G) : a(G) n D) < p)(n). Hence 
T = b(G), .cn,Gl < D. 
The required result is now an immediate consequence of 
PROPOSITION 3. There exists a j&&m r : Z,, + Z,, such that for any 
field F, any subgroup G of GL(n, F), and any triangulable normal subgroup T of 
G contaitred in a(G), [T, .(&I is a n!-group. 
Proof. We shall define a function by induction on n. Clearly ~(1) = 1. 
Suppose now that T(k) has been constructed for all k < n. Let V be an 
n-dimensional vector space over a field F, G a subgroup of Aut, V and T a 
triangulable normal and hypercentral subgroup of G. We proceed as in the 
proof of Proposition 2 of [LG]. 
Let e be a common eigenvector for the elements of T and E be the FG- 
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submodule generated by e. Suppose first that E = V. If C is the centraliier 
of Tin G, then (G : C) = K is a divisor of r!, where Y < n (cf. the last para- 
graph on p. 302 of [LG]). By Lemma 2, [T, Gj is a K-group and so, afurtiori, 
is an n!-group. 
If E # V, then by induction, 
is a &group, where d = dim V/E; and [TE , GE] is a (n - d)!-group, by the 
case E = V. If we set 
K = Ker (G -+ GE) n Ker (G + G&, 
then [T, r@J is a n!-group modulo K. Let H = K n [T, ,ta)Gj. By Propo- 
sition 5 of [LG], p. 300, H < a,(G) and hence, by Lemma 1, [T, ,ta)+&j 
is an n!-group. 
We assert that t < d(n - d). For HomF (V/E, E) has dimension d(n - d) 
and so the subspace M constructed in the proof of Proposition 5 has dimen- 
sion m < d(n - d). On the other hand, any nilpotent subalgebra of endo- 
morphisms of M must have degree of nilpotency < m. If we set 
T(n) = T(# - 1) + max (d(n - d), d = l,..., n - l}, 
then clearly r(d) + t < 7(n) and so the induction step is complete. 
Proof of Theorem 3. Let 9 be the class of all abstract groups for which 
there exists a positive integer r so that [a(G), ?Gj is periodic. If we can 
verify that 9 satisfies condition (iv) of Theorem 4 of [LG], then Proposition 1 
of [LG] together with Theorem 2 of this note will yield Theorem 3. 
Suppose then that A is a finitely generated module over a commutative 
noetherian ring R and that G < Aut, A. Let B be a G-invariant submodule 
such that GB , GAIB belong to g. Then there exists r so that M = [a(G), J7J 
is a torsion group modulo the subgroup K consisting of all those elements in 
G that induce the identity on B and on A/B. If H = M n K, then H < or,(G) 
for some finite R (Proposition 5, [LG]) and therefore [M, &j is periodic 
by Lemma 1. Consequently G E 9). 
4. PROOF OF THEOREM 4 
Every finitely generated linear group over a commutative ring is iso- 
morphic to a finitely generated linear group over a finitely generated (and 
therefore Noetherian) commutative ring: cf. lines 2 to 6, inclusive, of the 
proof of Proposition 3, p. 297, [LG] (replacing all @ signs there by +). 
We now reduce to the case of linear groups over a field in the usual way: 
If ‘1) is the class of all groups of finite central height and with nilpotent Hirsch- 
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Plotkin radical, then 9 satisfies condition (iv) of Theorem 4 [LG] (by Proposi- 
tion 5, [LG]) and hence, by Proposition 1 [LG], we only need prove our 
theorem for matrix groups over a field. 
LEMMA 3. Let F be a jield, H a residually jkite subgroup of GL(n, F), 
A be a diagonable, hypercentral normal subgroup of H whose centralizer has finite 
index in H. Then A < q(H) fw some$nite t. 
Proof. By Lemma 2, [A, Hj is a direct product of a finite number of 
primary groups. It will therefore be enough to prove that each of these 
primary groups lies in some finite term of the upper central series of H. Let 
P be one such primary component, say a p-group. 
Since P is diagonable, it contains only a finite number of elements of any 
given order. Thus, in particular, the subgroup B generated by all elements 
of order p, is finite. Since P is residually finite, there exists m so that 
B n P”“’ = 1. It follows that P has finite exponent and so is finite. But 
P < a(H) and therefore P < or,(H) for some finite t, as required. 
We now complete the proof of Theorem 4. Let V be an n-dimensional 
vector space over a field F and G < AutF V. Without loss of generality we 
can suppose F to be algebraically closed. If G is reducible, then by an induc- 
tion on n and a familiar use of Proposition 5 [LG], G has the required pro- 
perties. 
We shall suppose then that G is irreducible. Any triangulable normal sub- 
group of G must be diagonable and have centralizer of finite index (cf. 
the last paragraph of the proof of Proposition 2 [LG], pp. 302-303). Let D be 
such a subgroup and also having finite index in S(G). Recall that finitely 
generated matrix groups are residually finite [I]. Then we have (i) 
D n a(G) < c+(G) for some finite t, by Lemma 3 with A, H replaced by 
D n a(G), G, respectively; and (ii) D n 71(G) < a,(rl(G)) for some finite s, 
by Lemma 3 with A, H replaced by D n 7(G), q(G), respectively (recall that 
q(G) is hypercentral in every matrix group-e.g., Theorem 0, (l), [LG]). 
Now (i) implies G has finite central height and (ii) implies that 77(G) is nil- 
potent. 
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